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1. Introduction
The shock wave structure for a binary mixture of monatomic, perfect, 
chemically inert gases has been considered by numerous investigators. They 
approached this problem from either the Krook collision integral model or 
from the Boltzmann transport equation. The Krook solutions are based on an 
extension of the theory proposed by Bhatnager (1954). Morse (1964) deduced 
the model equations for a gas mixture by determining the required free 
parameters used by Bhatnager (1954) . A Maxwellian molecule collision cross 
section was used and the relaxation equations for momentum and temperature 
differences were derived from the Krook model. Hamel (1965) used the results 
of Morse (1964) and Bhatnager (1954) to formulate a kinetic model for binary 
gas mixtures; however, he linearized the Krook-model equations for the case 
of Maxwellian molecules.
Oguchi (1967) and Abe (1969) also considered the Krook shock in a 
binary gas mixture of Maxwellian molecules. Oguchi (1967) considered a 
mixture of argon and argon ions. The neutral distribution function was taken 
to be of the Mott-Smith type and the ion distribution function was determined 
numerically from the Krook equation. The collision cross section was taken 
to be a known constant. Abe (1969) studied a helium-argon gas mixture.
He found it necessary to fit a known transport coefficient to its correct value, 
namely the Chapman-Enskog diffusion coefficient, to obtain the numerical solutions.
2The problem of a shock wave in a binary mixture has also been studied 
using the moment method. In most of the moment methods, the bimodal distribu­
tion function, first introduced by Mott-Smith (1951, 1954) and extended by 
Ziering (1961a,b), Muckenfuss (1962a,b), and Salwen (1964), is used.
Martikan (1966) obtained several moments of the collision integral 
for Maxwellian molecules. Martikan's study extended the methods used by 
Weitzsch (1961) and Suchy (1964). Later, Obérai (1965) considered a Mott- 
Smith distribution function for a Maxwellian molecule, binary gas mixture to
determine the four unknown density values for a shock wave problem. Three
2mixture conservation equations and the v , (i = 1,2), moment equations pro-
i
vided sufficient relationships from which the densities could be determined. 
Constant values of the average velocity and temperature, which are assumed to 
be the same for both gases, are calculated behind the shock. The Rankine- 
Hugoniot equations were obtained for this case and the Maxwellian molecule 
force constants were eliminated using the Schmidt number and-viscosity coeffi­
cient. In the solution of the resulting differential equations, we con­
sidered only the case for small mass ratios. Tanenbaum (1966) and 
Obérai (1965, 1966) modified this analysis to allow the velocity and tempera­
ture behind the shock to vary with position (x). This was necessary to avoid 
inconsistencies in the solution obtained by Obérai (1965). The Rankine- 
Hugoniot relations were then obtained by a limiting process as x -* + °° and 
the solution remained unaltered within the range of the assumptions made.
Fujimoto (1965) noted that for a Mott-Smith distribution in a gas 
mixture, with the number of dependent variables restricted to four, the general 
Rankine-Hugoniot relations are not obtained for a shock wave. However,
3Fujimoto proceeded by assuming the Rankine-Hugoniot relations to be valid in
a shock wave and tried to obtain qualitative results since the parameters
appearing in the Mott-Hmith distribution functions must satisfy the Rankine-
Hugoniot relations across the shock wave regardless of the shock wave
structure. A rigid elastic sphere collision model was used and with the
2continuity equation and v , (i = 1, 2), moment equations, a numerical solution
i
for the densities and shock wave thickness was obtained. However, Fujimoto 
made several numerical and computational errors.
Beylich (1968) also employed a Mott-Smith binary distribution func­
tion and a rigid sphere collision model in treating the shock wave problem.
The same general approach as Oberai (1966) was followed, but only the contribu­
tions due to some of the collisions were considered. The governing equa­
tions were solved numerically.
Goldman (1966, 1967, 1968) and Sirovich (1969) developed a macro­
scopic mixture theory from several moment equations for a gas mixture. A 
Maxwellian molecule gas was used and also general power law molecules were 
considered with certain terms being neglected in the expansion of the moments 
of the collision integral. Maxwellization, or the time required for the dis­
tribution functions to relax to a Maxwellian value, as well as stress relaxa­
tion was considered. In all cases, many higher order terms were dropped. A 
two-fluid theory and a generalized Chapman-Enskog theory were developed. Also, 
a two-temperature theory was proposed, where the temperature of each gas 
species appears. The range of validity of the Chapman-Enskog theory was 
established and the two-temperature theory shown to apply outside this range. 
The two-fluid theory is valid far from equilibrium.
Sirovich (1969) pointed out certain limitations of the Chapman- 
Enskog mixture theory and formulated a two—fluid description of a binary gas 
mixture for local Maxwellian gases as applied to a shock wave problem.
Harris (1969, 1971) pointed out certain restrictions imposed by 
Obérai (1965, 1966), Fujimoto (1965), and Beylich (1968) as related to the 
shock wave mixture problem. Harris (1971) showed that a general two- 
temperature, two-velocity distribution function (i.e., a Mott-Smith distribu­
tion with distinct temperatures, densities, and velocities) was necessary to 
describe the dissipative mechanisms and the nonequilibrium state of a shock 
wave propagating through a binary gas mixture. Essentially, more unknowns and 
hence more moment equations (truncated at the heat flux level) were required. 
Allowing for the presence of dissipative mechanisms, the Rankine-Hugoniot 
relations exist as global boundary conditions at x = + °°* The two gas species 
are allowed to have different densities, temperatures and velocities in order 
to investigate the role of the various dissipative mechanisms involved in the 
transition from initial to Rankine-Hugoniot conditions. This transition may 
occur on one or more length scales depending on the values of the following
parameters: (1) n = (nn/n0) , (2) m0/m.. , and (3) M = free stream mixturei z c z l c
1/2Mach number = M^[(l + q/0)/(l + n)] . Asymptotic or perturbation solutions
were used to identify the dissipative mechanisms with the appropriate 
parameters and physical scales necessary to describe them, (i.e., the restric­
tions placed on 0, q, and allow certain dissipative mechanisms to be 
isolated). Several collision integral moments were taken and they resulted in 
eight independent equations. Additional equations are obtained by relating the 
four heat flux moments to the lower order moments in several approximate ways. 
For various values of q, 0, and the Mach numbers, matched asymptotic solutions 
were obtained. Temperature overshoots prevailed in certain cases. Extended 
Mott-Smith models were deemed valid for 0 and q/0 of order 1 as limiting cases. 
Also, characteristic length scales were1 defined f ö f ’various values of* the 
parameters (T|, 8, and mixture Mach number). ■!'.>!
5We shall present in this report the numerical solutions of
2 ■the - moment equation for a Mott-Smith shock in a Maxwellian gas
The solutions are valid for any mass ratio and Mach number.
2V'1 Shock Wave Equations For a Gas Mixture 
2The v^ - moment of the collision integral for the Mott-Smith 
bimodal distribution function was evaluated in Appendix A for the parameters of 
mass ratio and supersonic "mixture" Mach number as defined in Appendix C« Sub­
stituting these analytical values of the moment of the collision integral in 
2the v - moment equation, and using the species mass conservation equations,
X
the density gradients can be determined for both gas species and the mixture. 
(When the mass ratio is one and the two gas species are identical, the mixture 
results reduce to those of a pure gats. This is in contrast to setting either 
the mass ratio or one species density equal to zero, as done by Oberai (1965)).
From the equations for the v 2 - moment given in Appendix A and Bx
(in Hicks’ units),
CD
and
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tion equations:
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8These equations are subject to the boundary conditions n^ = n2 = 1 at 
x = -  oo and  ^ = n 2^   ^ = 0 at x = + °°.
For the Mott-Smith shock studied here, B^, B^, B^, D^, D^, and are 
constants since the parameters in their expressions are related to the "mix­
ture" Mach number and the mass ratio. The Mott-Smith Anstaz implies that
r p ( ) _
1 2
T ( +  ) _ rp (+ ) _ rp (+ )
1 i 2 *
„ ( - )  _  „  (" )  _  „  ( - )u = u^ = u^ , and
u (+) = ux(+) = u2(+).
Also, u^ }/u(+) and T^ are related by the Rankine-Hugoniot equations as
derived in Appendix C, for the upstream "mixture" Mach number M, where
i+a 1/2
M = M1( ^ )  (7)
and M must be greater than one. In addition, the density and the temperature
of the two gas species on the cold side of the shock are considered to be
equal, i.e., n^ = n^ and T^ = T^ . *
c c c c
Equations ' (5), and (6) are to be solved simultaneously for n ^   ^
and n^^ \  Once these densities have been determined, all other properties of 
interest can be calculated. From the Mott-Smith Ansatz, the number density 
of species 1 is
n., n. ( - ) + n. (+ ) ( 8)
9and the number density of species 2 is
= ( " )  , ( + )  
2 n2 +  2 (9)
Once the density values are known the temperature of each species 
may be determined from t|ie moment of the distribution function:
3n.kT. r
— = J[(vx - u) + v± Jf.dv , ( 10)
for i = 1, 2.
The temperatures and are determined as functions of n^, n 
 ^ anc^  n2 » n2  ^ n2  ^  ^ respectively, by using equation (5-10). The
expressions obtained are:
Ti ■
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3n,
3. Solution of the Shock Wave Equations For a Gas Mixture 
Dividing equations (5) and (6) yields
dn! ( } B1" 1 < ) d -n 1 ( ) )+B2n1 ( } ( l -n 2 ( b+B gi^( b l - n ^  b
dn2 (_) Dln2(_) (1_n2 )+D2n2 (1_nl )+D3ni (1-n2 ^  >
(13)
which has critical points at n. - n <“> -= 0 and nx( } = n^"* = 1. The
io
slopes at these two points were determined by using L*Hospital’s rule. A 
Runge-Kutta fourth order scheme was used and a table of n ^   ^ versus n ^   ^ was 
constructed. The coordinate distance x was determined by numerically integrat 
ing equation (6) from the point x = 0. The point x = 0 was chosen at n ^   ^
1/2. Thus,  ^ and n2  ^  ^ raay determined as functions of x. Then, n ^ +  ^,
n^^+\  d n ^  ^/dx* dn2  ^ Vdx, d n ^ +Vdx, and d n ^ ^ / d x  follow from equations 
"(3), (4), (5), (6), (3), and (4) respectively. Equations (8), (9), (11), 
and (12) can be uséd to determine n^, n 9 T^, and T^, respectively. The 
gradients dn^/dx and dn^/dx are found by differentiating equations (8) and 
(9). Reduced number density gradients may be calculated as follows.
A
(— ) Vdx'
( d i ,
M x ;
dn^ 1 d£
dx
c
1)
dx
id"2l 1 dn\dx ) n,
c
1)
dx
for species 1,
fot species 2,
and
A
. . dn mixture —  , dx
where n^/n^ is given by the mixture Rankine-Hugoniot relations of Appendix C . 
The reduced densities and temperatures are defined as follows:
A
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d (n x +  n 2 ) 
dx
2 ( ^  -  1) 
c
A
n .l "h - nc
for i 1 , 2 ,
11
= reduced density for the mixture
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i L - n + r r - n  2n c n c
a  T. - T
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h c
and = reduced temperature for the mixture
T - T M___ c
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where is the mixture temperature. The mixture temperature is defined to be
n kT n kT 
nRT„ = — — - + — — -M m. m,
where n = n^ + ,
R = nlRl + n2R2 
nl + n2
and Ri = gas constant for species i = —  , for i = 1, 2. The mixture tempera­
ture T„, therefore, has the following expression:
T =M
1n. T, + n„T1 1 2 2
a /
/ n2ni + —1 a
i
Recall that all the density values are nondimensionalized in terms
of n^ = n^ = n^ , and the temperature values are nondimensionalized by = 
c c
• Also, n^/n^ and T^/Tc are given-by the mixture Rankine-Hugonio t
c c
relations of Appendix C- For various values of M^ and a, n^ ,. n^, n^> T^ T^ .,
A /V A
(dn/dx)^, (dn/dx)^, and (dn/dx)^ profiles are presented in Figures 1 to 9.
The physical significance of these results is discussed below.
4. Binary Mixture, Mott-Smith Shock. Results
In this report; the mass ratios in the range of 1 to 30 were used with
three free stream Mach numbers of the lighter species of 2.7, 4, and 10.
Typical results are given in this chapter for number density, density gradient,
and temperature profiles. Density profiles are illustrated for = 4 with
a = 5 and 30, and for M^ = 10 with a = 5 and 30. Also, mass ratio (a) effects
are presented for = 10. Density gradient and temperature profiles are
presented for M^ = 4 and a = 10. Mach number effects are given for a = 10.
The parameters obtained by the methods outlined in the last section
have been plotted as a function of the nondimensional coordinate distance x,
(2)^^where — ----  is the unit of length. The number density results are summarized
111c
in Figures ! to 5.
Figures 1 to 4 give the density profiles of the mixture as well 
as both gas species for M^ = 4 and 10 and a = 5 and 30. It is observed that 
the profile of the lighter species, 1, has a steeper gradient, indicating a 
faster relaxation rate. The effects of increasing the Mach number and/or 
mass ratio are to increase the departure of the density profiles of the two 
species and to increase the shock thickness (see Figure 5).
13
Figure 6 illustrates the difference in the profiles of the density 
gradients for the case of = 4 and a = 10. Figure 7 shows the effect of 
Mach number on the mixture density gradients.
The temperature profiles for the mixture and the two gas species 
differ significantly with each other. Figure 8 illustrates the temperature 
profiles for the mixture and the lighter species for = 4 and a = 10. The 
overshoot of the mixture temperature is about 10 percent. f.o.t this case. In 
Figure 9, the mixture temperature profiles are given for three Mach numbers 
and a = 10. The effect of increasing Mach number and/or mass ratio is 
observed to increase the overshoot and to move upstream the position at which 
the overshoot occurs.
The temperature of the heavier species also overshoots in the shock. 
This phenomenon was also observed by Beylich (1968) and Abe (1969).
The temperature profiles are in qualitative agreement with those of 
Beylich (1968), Oguchi (1967), and Abe (1969). Mixture number density values 
are, in general, also in agreement with Oberai (1966) and Sirovich (1969). 
Because of the uncertainty in the definition of mixture Mach number, it is 
not possible to make comparison with their results.
5. Density Gradients at the Midshock Position
One of the shock properties that has been frequently studied is the 
reciprocal shock thickness (RST). An uncertainty arises as to the reference 
mean free path (MFP) when the case of Maxwellian molecules is considered. It 
is relevant here to clarify the definitions of the reference MFP used by 
various investigators who first introduced them in their study of a Mott-Smith 
shock in pure gases. In addition to this discussion of the reference MFP, the 
arbitrariness in the values of the RST of a Mott-Smith shock in a pure gas will 
also be presented.
14
Table 1 gives the conversion factors between the reference MFP. 
used here and those used by other investigators. The MFP used in this report 
'is
1c
kT
K
1/2
________ 1_________
6nc/ir (.436) (.499)
(14)
When these conversion factors are used, the RST values obtained by various
investigators, e.g., Martikan (1966); Yen (1972a); Ziering (1961a,b);
o
Muckenfuss (1962a,b); and Salwen (1964), on the basis of the v^ - moment,
2are in agreement. The RST values determined in this thesis for the vx
moment, for a = 1, and at the midshock position (see Appendix b ) agree with 
their results.
Martikan (1966) calculated RST values based on each of the moments 
2 3 2v , v , and v v . Figure 10 compares the RST values derived from these
X  X  X  JL
moment expressions with data from Bird (1970) and Yen (1972a).
As shown in Figure 10, Boltzmann calculations are in better agree-
2ment with the results from the v v - moment. Narasimha (1968) used ax JL
3minimum error analysis to show that the RST values based on the v - momentx
are accurate. Bird’s (1970) result for M^ = 8 is in agreement with the RST
2 3 2curve based on the v - moment. It is to be noted that I(v ) = - I ( v v  )x x x ± /
for a Mott-Smith shock in a pure gas. However, the RST values based on these 
two moments differ because the left hand side of the corresponding moment 
equations differ.
Figure 11 presents number density gradients at the midshock posi- 
a 2
tion, [dn/dx]^2 > f°r the vx “ moment for the light species, 1, and the heavy 
species, 2. The number density gradient for the mixture is the average of the 
number density gradients of the two species. In this figure, the mass ratio,
TABLE 1: REFERENCE MEAN FREE PATHS FOR
RECIPROCAL SHOCK THICKNESS CALCULATIONS
Investigators
Martikan (1966)
Ziering (1961a,b)
MFP Ratio*
3tt
16(.499 )J l 16M,
__Jr ___
3 (.499)
Muckenfuss (1962a,b) 
Oberai (1965)' 
Salwen (1964)
___5tt
32 ( .499)
Yen (1972a), 1
Bird (1970)
“MFP Ratio (MFP used here)/(MFP used by other investigators)
1.6
a ranges from 1 to 30. For a mixture, increasing the mass ratio decreases the 
number density gradient values in all cases. Also, the heavy species, 2, has 
a lower density gradient than the lighter species, 1, for any given mass ratio 
and "mixture" Mach number.
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Fig.-2 Reduced Number Density Profiles for M^=4.0 and a=30.0.
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_„Fig..-3 Reduced Number Density Profiles for M^=10.0 and <2=5.0.
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Fig. 10 Reciprocal Shock Thickness for a Pure Gas as a Function of M .
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APPENDIX A
MOMENTS OF THE COLLISION INTEGRAL FOR BINARY GAS MIXTURES 
2The v -moment of the collision integral (v = the x-component of
X  X
velocity) is determined analytically for a binary gas mixture of Maxwellian 
molecules with the Mott-Smith Ansatz for a shock wave.
For Maxwellian molecules, the force between particles i and j is
K. .
F. . = “I1 LJ 5
' (A-l)
with i,j=l,2. The velocity distribution function is (Mott-Smith (1951,1954); 
Oberai (1965))
f.(x,V) = n<_) (x)f^Ìv)4n^x)f£+}v)
(-1 (.-,2 '3/2 r (V-U(_)i)2
= n^ \x) ' ) exP
2C:l
(7ÿ2— ( 2 n C ^  ) exp -
2-3/2 r (V-u(+)i)
2Cl
(A-2)
where i refers to gas molecules 1 and 2 and
V(Vx ,V ,v'z) = the molecular velocity,
i = unit vector along the x-direction,
kT. 1/2
C. = thermal velocity = (---) ,
l
k = the Boltzmann constant,
T = gas temperature,
n^ = number density, and
u = average gas velocity.
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The superscripts (-) and (+) represent respectively, the left hand (super­
sonic) and right hand (subsonic) portions of the Mott-Smith distribution 
function.
2The expression for the v -moment may be written as
X
V f P  = I il<Vx) + I i2(vx>’
where I (v ) represents the contribution due to collisions of the molecules
-L i .  X
2of the ith species with the molecules of species 1 and I._(v ) is the con-12 x
tribution due to collisions of the molecules of the ith species with the 
molecules of species 2. In this case,
Iij(vx> Ill+I12+I21+I22
= (
m.-hn. /n <
-t— ‘•K. .) I' f f.(x,V.)f.(x,V.)m.m. if J «J l i i ’ iI  j  -.oo -c o  J  J
2rr oo
{ (v -v )v dv deldV.dV..L J n n x. x . '  o o J l j e=0 v =0 l l J
(A-3)
o
Following Oberai (1965) , two particles of mass m^ and m^ with velocities
V and V- are considered. The velocities after collision are V.' and V' ^ 1 2
and g is the initial relative velocity.
—*
Let j be a unit vector along the direction joining the position of 
particle of mass m^ and the point of intersection of the asymptotes to the 
trajectory describing the relative motion of the particle of mass m2> 
angles used are defined in Figure A-l.
The
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Fig. A-l Vector Geometry,
Then,
V i  =
’2 - ^ 1 1 2
and i*j = cos0 = cos9cosi|f+sin0sin\jicose. 
Now,
vi1‘vx1 = ( V r V ' 1-
vx2'vx2 = (W ,T-
= E2L
9 2
and the components of the moment of the collision integral become:
2K .. 1 /Of 2tt 00 in n -v —* —*
X11 = JT(— ) 1J0 J'0 (VK1- Vx1) vodvode]-f1(x ,V )f1(x,V1)dVdV1> ( (A-4)
I 21 O '
u  i_ \ -<7 1/2 2tt 00/(m dra )K r 0 9  >
“ T S T --  O' I (vx -vx,)vodvode}fl(x> V f2 ^ ’V2)dV h *1 2 '0 0 1 1
' CA-5)
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( *■ (À-6)
and
The distribution functions f^(x,V^) are given by equations (A-2) and f^(x,V) 
denotes the target molecules. The velocities are written as
■ JTr(ml-Kn2) Ki2 'm lm2
1/2 2tt «
{| { {Vx 2 ' \ yVodvods} f2(x,V2)f1(x,V1)dV V2 C (A -7 )
1/22K 2tt °° 9 9 .
I22 = U t — ) {J* l(vx2-vx2)vodvod£}f2(X’î)f2(^ V d?dV
and
(v1 +v )(v' -v ) ,X^ N X^ X 7 9
(vf +v ) (v' -v ) .
x 2 X2 x 2 X2
Chapman (1964) gave
and
A 1 = J* (1_cosx) v0dvQ = 0.422,
00 2
= J(l-cos x)vQdvo = 0.436.
: (A -8 )
: (A -9 )
Using these results, the moments !.. from equations (A-4) to (A-7) become
: • (A-io)
(A-11)
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These moment expressions are in agreement with those of Oberai (1965), but 
not with Martikan (1966).
Next, the expressions of the moments (A-10) to (A-13), are non- 
dimensionalized according to Hick's units. Reference mean free paths 1
i j C
will be used. Their relationships with the viscosity coefficients and other 
reference values are as follows:
4 12 ^21*
1 M-12
112 p(.499)c2
1 _ ^21
l 21 p(.499)c
8kTi 1/2
(i=l,2), and
p = m^n^+m^n^.
For a single species gas, M'-q * (^ 22* ^11 an<* '*'22 are t i^e exact viscosity 
coefficient and mean free path values of Chapman (1964). .
The reference length used in the shock wave problem is
111c
kT 1/2lc,
6n^c (.499) (.436)'4k , , ^ ; (a -i4)
where the subscript c denotes the cold side of the shock wave (x=-°°). This 
mean free path between particles of species .1 follows from Lees (1959) and
Chapman (1964). Other mean free path values given in the literature for a
pure gas of Maxwellian molecules differ from this value of 1 ^  by a constant.
c
The reference mean free path for species 2 is
kT„ . 1/2
-22c 6n2c(.436)(.499) vttK22 £ "(At 15)
For the shock wave problem studied here it Is assumed•that h
and T. = T_ . Thus I-., = 1 and for species 1 and 2,1c 2c 11c 22c r
lc 2c
2kT2s.12c 3tt(.436)
4m ^m2
K12(ml'ta2) I
1/2
and m. 2kT0 m \ 1/2 2c 1
12c n2c(m1+m2)3(.436) (.499) l TTK^O^+mpj
(A-16)
Also,
and
2kTlc 4m im2
1/2
'21 3n(.436) K21(m1+m2)
m„
2kTlcm2 1/2
21^ n^(m^+m2)3(.436)(.499) nK21(m1+m2)
(A-17)
Now, 1 ^  , 122 , 1^2 and 1 ^  are taken to be the units of length in the 
c c c c
expression of the moments 1^, *22’ *12 anc* *21* resPect;i-vely. The force 
constants K.. are eliminated in terms of 1.. from the above equations.
The moment expressions corresponding to (A-10) to (a -13) in non-
dimensional Hick's units for the unit lengths defined above become
"n1 n1 (u' -uv ' )
11 6(„499>y2 (A-18)
I21 -
(l-to)2V 2 A 2(.499)
- n W , 1').'-1 -CW1^2 ^ ^ n2 n2 ^
2_
+
22
and
-nWn(-)(u^)-u<+V
6^2^(.499)
4
: '(A-:i9)
' (A-20)
1 2 ------- "T~r- ------- {AJ[ ( n { - M +) ^ +)„ ^ >)“(° u <+)^ - >(l-to)V23A0(.499)L JL i 2 1 2 2 1 2  1 2
- n < +)„(-)u(-)2-c(+)2(n<-)n(+)+n(+)„<W)-n(-)n(+>u<+>
2 - ,
+ (1-kv)
+ c (+)fn (-)n (+)Jm(+)T,(+)-1+r(-)2, (-) (-).(-) (+), .;■■■;+ n2 -h^  n2 l+C^ n2 +n1 'n^ ' )  ■
*2 [<,;->n<*>«™„<->)<»‘- 4 < +>>2]}2(l-kv)
: (a -2i)
In these equations,
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(—)
(-)
nl * n, ’ nl
(+) _ *1
(+) C”)
(-) _ 2
n„ n.
■ r - f .  «<•> ■ »w - . w <sä->1,!
2 2 rp("^)
(where T =T =T ) C(_) - - ± -  C(+) - -i—  C(_)c ^ ) , ^  ^  , 2
c c
2 T(-)
2ttc*T ’ c
2 .j(+) m
C2+  ^ = ¿ T  ’ 01 = ÜT’ A1 = -422> A2 = -436> and ni"^  and ni+  ^ (for 1=1 >2)c 1
are functions of x.
These moments can be evaluated if the density is known. In order 
to study the effect of Mach number on the density gradient at the midshock 
position for Mott-Smith shocks, the corresponding moments are needed in the 
Mott-Smith solution. For mixtures, the midshock position is defined in the 
following way.
(- )  = (- )  _ I
1 2 2 ’
and
n(+) „  (+)
n.
h
(+)
‘ic
(+)
n2 = 1
n 2 *
h
n ^  n i nÖni n- z rii
Lh c c
n (+) n2 n2
. 1 ( A )
n2 “2 > 2 “2
h e  c
/  \ /  \
(Since it is assumed that =1, = T^” '
n2c
1, and Tlc T2c)
From the Rankine-Hugoniot relations for a gas mixture, derived in
Appendix C,
1 n2 3+M2c c
where M is interpreted to be the upstream "mixture" Mach number. Also from 
the Rankine-Hugoniot relations,
» < - > . « & ) > «
(+) = u ^ P + M 2) 
4M2
and
,(+ ) m(+)
1 = T2 = (5M2-!) (M2+3)
16 m
Thus, the required input parameters to the moment expressions at the shock 
center are the "mixture" Mach number M and the mass ratio, oi. The analytical 
results would be useful to ascertain the accuracy of the Monte Carlo or other 
numerical calculations.
The total interaction moment expressions for species 1 and 2, I 
and I^, respectively are
I1 Ill+I21 and I2 I22+I12’
These moments are added by first converting them to the same reference length,
111 1H C
ily 1-q  - I2 2 • This is done by forming the ratio of ---and —
c c h i  h z
 ^ c
name!
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and allowing the force constants in these ratios to cancel since the mass 
ratio by which the force constants differ has already been included» This 
is consistent with the method of treating the force constants used by Lees 
(1959)» Thus
1/2
h  -  h i + h i ^ î r * 1-) O
and
1/2
12 I22+I1 2 ^ 1"h* ^   ^4c^
The effect of increasing the free stream "mixture" Mach number is to increase 
any given moment (I or 1^, i=l,2). With the exception of (which is
independent of a ) the effect of increasing o' is to decrease the moments 
(I., I.., i=l,2).
In summary, the analytical moment calculations are useful to 
ascertain the accuracy of any numerical calculations. Also, these analytical 
moments can be used to calculate the internal shock structure of a shock
wave, such as the Mott-Smith shock, using the Boltzmann transport equations.
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APPENDIX B
DENSITY GRADIENTS FOR A MOTT-SMITH SHOCK IN A BINARY GAS MIXTURE 
2The v -moment expressions given in Appendix A will be used tox
evaluate the density gradient and the reciprocal shock thickness (RST) for
a Mott-Smith shock in a binary gas mixture.
2The v -moment equations for the Mott-Smith shock (Oberai (1965);
X
Fujimoto (1965)), nondimensionalized in Hickfe units, are
and
3T(’> d”i'> + ------)-
2 tt dx
2ttq' dx
+ u (+)(u(+)
, (+) d n ^  
+ ^ ---)■
2 tt dx
(_) (_)2 3T^~^ dn2
 ^(u  ^ + ^ — )■ + u (+)/ (+)2 . 3T(+\ dn2
(+)
(u + 2rra dx
( 2) 1/2
( 2 )
1/2
(B-l)
(B-2)
The total v -moment equation is the sum of equations (B-l) and (B-2).
X
The number densities are related as follows:
and
n, = (”) , n, + (+) n, ,1 1 1 *
n_ = n (-) , n„ + (+) n„ ,2 2 2 *
(-) (-) . (-)n = nl + n2 ,
(+) (+)n = nx + n2 ,
n = ni + V
Equations (B-l) and (B-2) provide two equations for the four 
unknowns; n^ \  n^ ~*^  , n2  ^ and n2+  ^* sPec^es mass conservation equations
(in Hick^ s units) gives the following two equations for the densities.
constant = u
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and
(-) (-) , (+) (+)n^ u + n^ u
+ n<+V +>Z \ Z
(-)
constant = ^.
: (B.3)
'■ (Br4)
Eliminating nj+  ^ and n2+  ^ from equations (E-l) and (E-2) gives the following 
expressions of the density gradients.
dn. (-)
u(‘){u(-) -u(+) + ~ ( T ^ - T ^ ) }  ( 2 ) 1^2
dn2  ^ I2
u (”){u5“)"-u(+) + (2)1^2
- (B-*5)
(B-6)
and
dn (-)
dx {-
u (')(2)1/2 l(u(-)2.u (+)2 + I l (T(-).T (+)))' (u(-)?u W 2+ _i_(T(-)T (+)})
Eliminating n^  ^ and n2  ^ instead gives
'■ (B-7)
dn (+)
dx
u (+)[u(+)2-u(-)2 + |_(T (+).!<-))} (2)
:(b -8)
dn (+)
dx
u « {u <+)2-u (-)2 + ^ ( T < +)-x (->)](2)1/2
(B-9)
and
J
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dn (+)
dx
#  u ®  1 (u(+)?u(->+ ¿(T<+>T<->)J '
+
2 tt
___________ 12_____________ }
2ttQ' v "
•(B-10)
In order to compare with the values of the density gradients from 
other calculations, the density gradient at the midshock position would be 
useful. The expressions of this gradient for species 1 and 2 and the mixture 
are derived.
Adding equations (B-5) and (b -8),
3 1/2 16ttMI1
dX \ 5 (I^-l)(5^+3)
- (B-ll)
Likewise, adding equations (B-6) and (B-9)
dn0 q 1/2 32ttM?I0
(— 2.) = .(¿2.) -------- 2__________  .
dx \ 5 (5i^+3) (M2-!) (50-3)
(B-12)
The gradient dCn^-hi^/clx is given by the sum of equations (B-7) and ’(B^ -0) •
Using the expressions for 4  ^ \  T^ \  T^+  ^ and —  given in Appendix A,.
c
dn
(— 2 ) = M x  Jl
2
o _ _ 1 / 2
-(f1) ■ 8rrM
(5M2+3) (M2-l)
2c*I
Ii + t - 4L 1 Sa-S. . (B-13)
The expressions for 1^ and at the midshock position are given in Appendix
A- The density gradients are positive since 1^ and I a r e  negative.
The reciprocal shock thickness (RST) nondimensionalized by
1
11
( 2)
1/2 is defined as follows.
(RST) L
Idn\
i 1
1 dx I (n. -n. )y /max Lh I- J
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(fi-14)
for i=l,2. For a gas mixture, (RST)^ is defined to be
(RST)m  =
'dO^+np1 I i .... \
dx max i(ni -“i ^ 2  ’n2 >.
■(B*15)
The RST values are compared fn this report.
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APPENDIX G’
RANKINE-HUGONÏOT RELATIONS FOR A BINARY GAS MIXTURE
The Rankine-Hugoniot relations for a shock in a binary gas mixture 
are derived. In this shock it is assumed that the density and temperature 
ratios for both species are the same across the shock, i.e.,
( - )  (+) 
P 2 p£
TT = Tô and
,(+)
,(+)
The continuity equations for each species and the mixture are,
n <-)„(-> _ (+)„(+) P1 " P]_ u » . (C-l)
(-)(-) _ n (+)(+) 
p2 p2 u ’ ; (c-2)
and p(-)u (-> - p(+> u « : (c-3)
where
p(- > = p < - V (') a n d p W = p « +p « .
The perfect gas relations are
P . = p.R.T for i = 1,2,L K1 1 * * : (c-4)
where T is the gas temperature. On the cold side of the shock
-47
m(") _ rp( ) _ rp C )
1 2
On the hot side of the shock
T(+) _ T(+) = T(+)
1 2
Since P = P^+P^, the P-p-T relationship for the mixture can be obtained 
from equation (04) ,
where
and
P = p(AR9)T
a  -  Q d f l
à '  I # *
m .
a = m 1
^2
Pi
(0 5 )
Equation iC -5 ) may be rewritten as
P = pRT " ‘(0 6 )
where R = equivalent gas constant for the mixture» 
The momentum and continuity equations are
and
P(-).P<+) . p(+)u(+)2.p(-)u(-)2>
- p(+V +>
v '(C-7)
v '(C -8 )
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Thus,
,(+)
J 1)
= 1 + fi---^---- Il + (+)
; • (c -9 )
Also, from the perfect gas laws for each species,
(+) (+)m(+) 2
--- = P— ——--- = 1 + m ( 1 - — )
P T P
; “(crio)
2 n(“)u(-)where 7i\ = ^— j —*--
pi-;
In deriving this relation, the condition A^  ^ = A ^
n ( “) (+ )
P-2 p2is used since — y = was assumed.
P1 P1
The energy equation is
(+) (-)
= i +
2h (-)
. C“ ) 2 
1 - (P-— )1 K i+ V
P
:(crii)
where h is the enthalpy. 
Also,
Ph = P ^ *  + + P2C T + P2 ; . (e-i2)
where C is the coefficient of specific heat at constant volume. Equation v
(C-12) may be written as
h = C T + AR0T v 2 ;. - ( c - 13)
where C = ACv V, It follows therefore that
.(+) ,(+)
(-) „(-)
:’«(c-14)
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Equation (£-11) then becomes
,(+)
I P
= l +
(-) 2
(1 - ( % )  )
R + 1
Since R. = CL -C , it follows that i v.'*i i
R = C - C  , P v
where Cp = ACp2 P1CP1+P2CP2
*1*2
Defining the mixture specific heat ratio y to be
then
Assuming y to be 5/3, equation (c-15) becomes
r - ^ c - 16)
,(+)
I P *♦ &>
_ (“) o
c (+); (C-18)
which with equation (£-10) gives two equations for the two unknowns
T(+) (+)1 .  Q_and (-)* The algebraic solution of these two equations yields
(+) „(+)n
(-) n (-)
m 2
5 -Wf
(C-19)
T(+) _ (3ff?2-l) flfl2+5)
i m
v-(C-20)
and
Also, from equation (G-10)
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P (+) _ 3^2-l
; “(c-2l)
and from equation (C-8)
u (+) = 5 iff?2 
u (~} 4ff?2
(0- 22)
These expressions are the Rankine-Hugoniot relations for the 
shock considered. It is to be noted that the parameter ff? is different from
the Mach number used for a shock in a pure gas.
2The parameter ff? given in these equations is
2 _ (“)n (-) 
ff?2 = ^  U
(-)
(-) (-) * hr 'r2t v j
(C-23)
where
m..(-) , “2 A = ~ 7~ \ and ot = —
n e (_) m i
(-) n2 n2 Since ß = a— ç  y and -  ^ ^
n- n1 1
= 1 on the cold side of the shock (at x = -<»)
(-) _
l+a (C-24)
Using u^  ^ in Hick's units, the parameter
n  = u ("hTT(i-to))1/2 , (C-25)
Now V{ will be interpreted to be related to the ‘'mixture" Mach
number. Entropy considerations will be undertaken to see if 7J\ may indeed be 
associated with the "mixture" Mach number and if any restrictions must be 
placed on 7)\ to guarantee an entropy increase.
The entropy changes for the two species are
T(+) P(+)
= S  In
1 t;  }
-  Rpln( . j  ,1 1
1 1
T(+) p(+)
(+) Q<-> 
S2 " S2 ■ V V - )  
2
R2l n (-) ’ 
2
for a constant Cp .
i
The mixture entropy is defined to be
; (c-26)
;;.,(C-27)
(ps)(_) = (p1s1) ( " )+(p2s2) ( ' ) ,
and
(ps)(+) = (plSl)(+)+ (p2s2)(+).
Therefore, from equations (C-28), (C-29) , (C-20), and (C-21),
i • (C-28) 
(G-29)
s W - s ( ->
ARrt = In {(3W2-l)3/2flW2H-5)5/2 »!5(16>2 }•
. (C-30)
and s^  ^-s ^  ^ = 0 when 7!^=5/3 and s^+^-s^ ^>0 for ?7^>5/3. Thus, for the
2entropy to increase across the shock 7i[ ^5/3 is required.
Next, in the equations relating the temperature, pressure, density,
2 3 2and velocity across the shock wave let M = ^  . Then equations (€-19), 
(€-20), (C-21), and (C-22) become respectively,
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n<+> 4M2 /-»-I
n<-> 3+M2 ' (C-31)
T (+) (M2+3) (5M2-1) A- .
T (-) 2 »16 M (C-32)
P «
p(-)
25M -1
4 ;:.f (cr33)
u<+>
u (_)
23+M 
2 • 4M
(..+•; (C-34)
These equations are written in the form of the well known Rankine-Hugoniot 
relationships. It is to be noted, however that
M2 = fyl2 = |u(‘) n(l-to), ; (C-35)
2 2 (+)using equation (025). It is required that 7I\ ^5/3 or M ^1 for s -s ya0. 
Thus, since the same form of the Rankine-Hugoniot equations hold for a mix­
ture as for a single species gas, M is called the "mixture" Mach number.
Also for a single species gas
M  , 6 t t . 1 / 2  ( - )  Mx = (— ) u s CV- (0 3 6 )
and from equation (G-35)
v (C-37)
All Mach numbers refer to upstream (x=-c°) conditions. Also,
53
M2 = (a)1/2M1 ; (C-38)
is the upstream Mach number for species 2. Note that when or the two
species are identical, M ^ M ^ M .
It is thus seen that a definition of the "mixture" Mach number has 
been developed so that it is consistent with the Rankine-Hugoniot : relations 
derived for a shock in a binary gas mixture.
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13. ABSTRACT
The shock wave structure for a binary mixture of monatomic, perfect, chemically 
inert gases has been considered by numerous investigators. They approached this 
problem from either the Krook collision integral model or from the Boltzmann trans­
port equation. The Krook solutions are based on an extension of the theory pro­
posed by Bhatnager (1954). Morse (1964) deduced the model equations for a gas 
mixture by determining the required free parameters used by Bhatnager (1954). A 
Maxwellian molecule collision cross section was used and the relaxation equations 
for momentum and temperature differences were derived from the Krook model. Hamel 
(1965) used the results of Morse (1964) and Bhatnager (1954) to formulate a kinetic 
model for binary gas mixtures; however, he linearized the Krook—model equations for 
the case of Maxwellian molecules.
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